This work reports a rigorous and comprehensive three-dimensional electromagnetic computation to investigate and design photoluminescence enhancement from a single silicon-vacancy center (SVC) in a nanodiamond crystal embedded in various metallic nanoantennae, each having a different geometry. The study demonstrates how each antenna design enhances the photoluminescence of SVCs in diamond. In particular, our report discusses how the 2D or 3D curvature of the nanoantenna and the control of the local environment of the SVC can lead to significant field enhancement of its optical field. Our calculated optimal photoluminescence for each design enhances the emission intensity by 15-300× that of a single SVC without antenna. The enhancement mechanisms are investigated using four representative structures that can be fabricated under feasible and realistic growth conditions, i.e., spherical-, nanorod-, nanodisk-dimer, and bow-tie nanoantennae. These results demonstrate a method for rationally designing arbitrary metallic nanoantenna/emitter assemblies to achieve optimal SVC photoluminescence.
I. INTRODUCTION
Diamond has emerged as an important materials platform and a distinct photonics approach to quantum information processing [1] . This approach is based on the fact that preselected nanodiamond crystals containing single-defect centers are good candidates for single-photon sources due to their stable photoluminescence (PL), spin-sensitive optical transitions, and long electron-spin-coherence lifetimes [2, 3] . These attributes have also led to the investigation of single-defect centers within nanodiamond crystals for applications other than quantum information processing, which include biomedical sensing and biological imaging [4] . However, the optical and radiative properties of these defect centers are certainly far from ideal. For example, due to the high refractive index of nanodiamond crystals, the coupling to the electromagnetic field is weak compared to other systems such as dye molecules or quantum dots in typically lower index hosts [5] . As a result, only a small fraction of the available radiation can be collected and thus the PL efficiency of the process is low. Thus the spontaneous emission rate of defect centers requires a systematic study of the enhancement for the environments of these specific applications and their different integrated forms. This enhancement can be realized via employing the Purcell effect, i.e., by modifying the spontaneous emission rate of the emitters (in our case, the defect centers in diamond) via interaction with its optical environment. As a result, several groups have reported studies based on Purcell enhancement by coupling defect centers to plasmonic or dielectric resonators, including plasmonic structures [6, 7] , dielectric microdisks [8] , and photonic crystal cavities [2, 9] .
In this work, we report a systematic investigation on the radiative enhancement of a single silicon-vacancy center (SVC) inside a high-refractive-index nanodiamond crystal with four possible metallic nanoantennae geometries. The work in our paper makes use of advanced computational methods using a cluster computer to access fully three-dimensional finite * meng@ee.columbia.edu difference time domain (3D-FDTD) calculations, thus allowing comparison of the enhancement in photoluminescence for these four different antenna designs. In the following section, we provide a design procedure for use with nanoantennae assemblies before synthesis or fabrication, as well as a general understanding of antennae-emitter interactions that is useful for experimental efforts to achieve the optimal enhancement of photoluminescence.
II. THEORETICAL CONSIDERATION
The goal of our study is to provide a general approach to designing nanoantennae for efficient quantum emitters, such as single-photon sources. Our work focuses on a nanodiamond crystal containing a SVC in the near-field of a Au nanoantennae. A SVC is chosen for this study due to its narrow zerophonon-linewidth and its low phonon coupling. In addition, its near-infrared emission at 738 nm is in a spectral region such that the background fluorescence of the surrounding diamond material is weak and the metallic ohmic loss is small [10] . Note, however, that the general design principles reported here apply for other defect centers in nanodiamond.
Here, a 3D-FDTD numerical computation (MEEP) is employed [11] to analyze an emitter having an arbitrary nanoantennae geometry with high accuracy and simple implementation. The algorithm consists of first discretizing Maxwell equations on a 3D grid and then, starting from a given set of initial conditions, marching a set of iterative relations forward in time. With a suitably refined computational grid, the corresponding numerical solution gives an accurate representation of the dynamics of the electromagnetic field. The extensive 3D computational requirements were satisfied using a parallel implementation of the MEEP package running on Linux clusters at the Center for Functional Nanomaterials, Brookhaven National Laboratory. The MEEP package was controlled externally with our multiparameter optimization algorithm, which implements the automatic procedures for design optimization. In our simulations, a perfectly matched layer was used as the boundary condition for the computational domain and the simulation had a mesh size of 1 nm to achieve convergent results.
The atomic structure of an example of such a SVC is shown in Fig. 1(a) , where its energy level is approximated by a two-level system with a 1.68-eV band gap [12] . The diamondantennae system is then illuminated by a monochromatic optical source, as illustrated in Fig. 1(b) . A cross-section view of a sample antenna assembly is shown in Fig. 1(c) , where the nanodiamond crystal (dark gray) is coated with an SiO 2 thin film (light gray) of thickness d and each Au-dimer sphere has a radius r. The incident light intensity, I 0 , can then excite the SVC inside the nanodiamond crystal, where its location is denoted by a red dot shown in Fig. 1(c) . If the defect center is located within the near field of the metal antenna, localized surface plasmons (LSP) within the metal object can enhance any relevant optical processes [13] [14] [15] . In effect, the metal antenna causes a much stronger local field to form at the position of the SVC due to excitation of localized surface plasmons, which cause stronger optical excitation of the SVC.
The excited SVC in free space yields photoluminescence with a radiative lifetime of τ 0 r , while the excited SVC near a metallic nanoantennae gives enhanced PL and a radiative lifetime of τ r as indicated in Fig. 1(d) . Note also that ohmic loss within the metal nanoantennae gives an additional nonradiative channel with a nonradiative decay rate of τ nr that is not present in an isolated defect center, which is shown in Fig. 1(e) . Considering these processes, we can express the PL emission rate γ em of a single SVC as the product of an excitation rate γ exc and the associated quantum yield q, i.e.,
where q is defined as the ratio of radiative transition rate (from excited to ground state) to the total decay rate. Thus nonradiative quenching lowers q. It is sufficient to treat the excitation and emission processes independently since there is no coherence between the two processes [16] . For our initial analysis, our computation considers the weak excitation regime. This restriction allows us to avoid treating phenomena such as thermal runaway or light-induced phase changes in the nanoantennae [17] . In effect, only linear excitation processes are thus considered, hence the excitation rate of the SVC in the diamond is directly proportional to the number of incident photons, i.e., the incident intensity of the field, which is proportional to |E| 2 . The normalized excitation rate γ exc then can be expressed as
where E(r) and E 0 (r) are the electric fields for a specific optical frequency ω at location r of the SVC with and without the presence of the antennae, respectively. In addition, we chose 532 nm as the excitation wavelength because this is an easily accessible wavelength experimentally (via frequency doubling of a YAG laser output) and it is widely used by experimentalists for studying the optical properties of SiV centers [18, 19] . However, tunable sources such as an optical parametric oscillator or an optical parametric amplifier may be used for resonance enhancement.
To obtain the quantum yield q of the system, the SVC is modeled as a two-level point dipole emitter inside a nanodiamond crystal [6] . Furthermore, the wavelength of the dipole emission is set to be the emission wavelength of the SVC. Since the placement of the nanoantennae increases its local optical density of states ρ, the radiative decay rate γ r will change, compared to its value in free space, in accord with Fermi's golden rule,
whereh is the reduced Planck's constant and H is the time-dependent Hamiltonian, given by H = −E · p, due to the photon field E and dipole moment p, and |i , f | denote the initial and final states, respectively. Figure 2 (a) shows an example of our simulation model, for which the nanoantenna and its nanodiamond host were illuminated with a cw plane-wave source. The excitation rate was calculated using the electric-field intensity at the location of the SVC. The excited SVC radiates at its zero-phonon line frequency. The computation thus considers the defect and its related transition as an atomic system immersed in a dielectric continuum [20, 21] . The analysis, as also discussed by Anger et al. [16] , shows that the radiative and nonradiative rates, γ r and γ nr , are proportional to the power radiated by the classical dipole in the presence of the metal nanoantennae, P r , and the power absorbed by the metal nanoantennae due to ohmic loss, P nr . The quantum yield can then be calculated using the expression q = P r /(P r + P nr ) by measuring the net power flowing through a suitably chosen closed surface with integration over this surface and then averaged over time. As indicated in Fig. 2(b) , the time-averaged power flow from the SVC in the presence of the metal nanoantennae is noted as P i = P r + P nr and the power absorbed by the FIG. 2 . The intensity profile (left) of the diamond-antennae system under the illumination of a cw source at 532 nm. The intensity profile (right) for an excited SVC at its emission frequency. The excited SVC inside nanodiamond crystal is modeled as a classical dipole. The quantum yield is then obtained by measuring the power emitted from the dipole (P i ) arising from the region denoted by the blue dashed-line box inside the nanodiamond host and power emitted from the dipole-nanoantennae system (P o ), denoted by the green dashed box.
metal nanoantennae due to ohmic loss is P nr = P i − P o . The quantum yield, q, can also be expressed as q = P o /P i .
The nanodiamond crystal is modeled as a cubic structure based on the experimentally measured TEM image, where the cube has a side dimension of 10 nm and has a refractive index of 5.86 [22] . In addition, prior theoretical treatment shows that the shape and size of nanodiamond crystal as well as its environment affect the optical properties of its defect centers and, in fact, nominally identical nanocrystals can have a high variance of intrinsic quantum efficiencies [23] . As a result, in our simulations, we neglect these effects for simplicity and assume that a nanodiamond is preselected to contain a single SVC with well-defined orientation [24] . The orientation of its dipole moment is assumed to be parallel to the axis of the axial symmetry of the nanoantennae [25] .
III. NUMERICAL RESULT AND DISCUSSION
In the following sections, we investigate the design and efficacy of nanodiamond PL enhancement using different nanoantennae geometries. These geometries can be generally classified into two categories. In the first category, the nanoantenna has a 3D curvature, e.g., nanospheres or nanorods. This type of nanoantennae can, in general, be fabricated through a bottoms-up assembly procedure or under colloidal chemical growth conditions [26] . The nanodiamond crystal with a thin layer of SiO 2 coating can be positioned near the nanoantennae through surface chemistry methods [27] [28] [29] . The second category nanoantennae may be fabricated from thin films and thus have flat top and bottom surfaces. Such plasmonic nanostructures can be fabricated precisely, including electing to have a periodic arrangement, through top-down techniques such as electron beam lithography [30] or focused-ion-beam milling [31] . Note that due to the small size of the hotspot of nanoantennae, achieving the optimal enhancement becomes very sensitive to the diamond alignment. However, improved positioning techniques now being realized in advanced alignment methods [32] would facilitate a satisfactory alignment for the nanodiamond. Our approach here is to calculate the optical performance and properties of these two classes of basic antennae with 2D and 3D curved surfaces. Note for all antennae geometries, a dimer configuration is selected and oriented such that its axes are aligned along the polarization of the incident field. With this orientation, strong coupling between dimer antennae can be introduced, thus creating a strong LSP mode from the two dimer components [33, 34] .
A. Nanoantennae with 3D curvature
We now consider the spherical dimer nanoantenna with a nanodiamond crystal. This particular antenna also serves as a prototype to illustrate our computational method as well as the antenna's sensitivity to various geometric properties. A calculation of the intensity enhancement from such a diamond/antennae system, under typical conditions and with a typical geometry is shown in Fig. 3(a) . The nanodiamond is assumed to be bonded to the nanoantennae through a thin layer of SiO 2 and the incident field is polarized parallel to the dimer axis. In many cases, these nanoantennae are supported by very low index materials [35] and thus we have assumed an effective index of 1.0 for the supporting medium. This condition also applies to the nanorod configuration discussed below.
The optical response of this structure can now be investigated with our computational method. The excitation of the localized surface plasmon and the quenching due to ohmic losses in the antennae were separately investigated. The numerical results for the PL enhancement of the SVC and its dependence on the radius of the spherical dimer nanoantennae and the thickness of the SiO 2 coating are plotted in Fig. 3(b) , from which we can find the optimized parameters corresponding to the maximum PL enhancement. For our wavelength, the peak response of the spherical dimer corresponds to a 65 nm radius in the presence of a 2-nmthick-SiO 2 coating on the nanodiamond crystal. This peak PL enhancement is larger than 300× compared to the results without an antenna. A contour plot of the PL enhancement is also shown under the three-dimensional shaded surface in Fig. 3(b) .
Note that in our numerical investigation, for 532-nm excitation, the overall PL enhancement drops when the sphere radius is larger than 65 nm. However, it is known that the field enhancement should be higher in the subwavelength regime when the radius of spherical nanoparticle increases, due to its stronger polarizability. Here, the PL enhancement drops due to the mismatch between the excitation wavelength and the size of the antennae, as well as due to the increased ohmic loss. Our calculations also show, as suggested in prior work, that the size of the gold nanospheres and the thickness of the SiO 2 , which are used here to precisely adjust the distance between nanosphere centers, directly controls the magnitude of the PL enhancement [36] .
Our second antennae type is composed of a nanowire or cylindrical nanorod dimer. This antenna can be viewed as a result of a one dimensional variation in length of a nanospherical dimer along one axis. This antennae geometry, which can be fabricated using wet-chemical methods, has been frequently investigated because of its applications to nano or quantum wires [16, 37] . In order to compare the results of this antenna with that of the nanosphere antenna, our nanorod dimer is terminated with spherical caps on each end. Each cylindrical nanorod has a length L, a body radius r, and a curvature radius ρ, of the spherical cap at the end of the rod. Again, it is assumed that the nanorod axis is aligned along the polarized E field of the incident light. Figure 3(c) shows the intensity distribution from a typical structure of a nanorod with a length of 100 nm. The antenna geometry of this structure has also been thoroughly explored with our optimization algorithm in order to obtain its peak PL enhancement of the nanorod dimer with lengths over the range between 40 and 200 nm for different aspect ratios (L : 2r : ρ), namely, 4:3:2, 4:2:2, and 4:2:1, and assuming a SiO 2 layer of 2-nm thickness. This PL result is shown in Fig. 3(d) , where its resonance peak position is related to the cylinder-length-to-radius ratio (L : r). It was also found that the magnitude of the enhancement depends sensitively on the curvature radius ρ of the rod end, since the curvature radius can significantly modify its polarizability. Our results also show that nanorod dimer can lead to a greater than 50× photoluminescence enhancement than the structure with no antenna. In addition, it was found that the optimal length of each nanorod is approximately 120 nm, in which case the entire length of the nanorod dimer is about 250 nm, which acts as a half-wave antenna. Note that the radius of the cylindrical nanorod also has an important role for the field enhancement, since we find that a larger radius leads to a higher enhancement. However, the PL enhancement of the nanorod dimer, in general, is lower than that of the spherical dimer due to the smaller dipole polarizability of nanorod. • , and the base W to be 60 nm.
B. Nanoantennae with 2D curvature
Our third and fourth type of structure, corresponding to the second class of antennae to be examined, are those fabricated via thin film methods and thus are formed with flat top and bottom faces and have finite thicknesses [38, 39] . Despite their near two dimensional geometry, these antenna structures must still be analyzed with 3D FDTD methods for accurate simulation. These structures can be fabricated using advanced patterning technologies and can readily be patterned to form an array [40, 41] . Antenna arrays containing diamonds have been of interest as single-photon sources [42, 43] , which are particularly important for quantum information processing. Consider now, as an example, the nanodisk dimer antenna, which constitutes our third antenna structure. This structure is essentially a flattened version of the nanosphere antenna discussed earlier. Our FDTD method can be immediately applied to calculate the intensity distribution of this structure; an example is shown in Fig. 4(a) , which is the cross section of cylindrical nanodisks with 20 nm radius and 20 nm disk height on top of a SiO 2 substrate. Using the same computational approach as above, we investigated the PL enhancement of this nanodisk dimer for different combinations of parameters including dimer separation, disk radius, and disk height. We find that the height of the disk has a negligible impact on the resulting PL enhancement in the range of 20 to 40 nm. This effect is due to the thin film (i.e., λ) nature of the structure, as well as the nearly uniform enhancement of the field in the gap. Thus the disk height was fixed at 30 nm to investigate the antenna performance for different parameters. Figure 4(b) shows that a maximum enhancement is reached in PL when the disk radius is at 50 nm. The gap size between the nanodisk and nanodiamond surfaces can also modify the magnitude of enhancement. Thus by varying this radius, we found that a greater than 25× enhancement of the PL signals could be realized.
Finally, a bow-tie shaped nanoantennae was investigated as our fourth antenna structure [44, 45] . This antennae was chosen due to its known ultraconfined LSP mode and high directional coupling. The quality and geometry of these antennae have also benefited from recent developments in advanced lithographic processing. With regard to our simulations, a typical intensity enhancement resulting from normal-incidence light impinging on a bow-tie structure is shown in Fig. 4(c) , where this bow-tie structure has a base of 60 nm and a 80 nm height on each triangular component. Note that the sharp tip end is assumed to be a rounded half cylinder with a curvature of 5 nm and electric field intensity is strongly enhanced at this relatively sharp end. In addition, our optimization procedure was used for a range of bow-tie geometries. This procedure allows examining length from 60 nm to 160 nm and angles θ from 30
• to 60
• in order to find a locally optimized structure. As in the case of the circular disk, the thickness of the bow-tie structure was found to have negligible impact on the PL enhancement. Figure 4 (d) shows the enhancement profile for a structure of 30-nm thickness. Due to its sharpness and the ultraconfined near-field enhancement, we can achieve approximately 15× enhancement of the PL signals. These results are consistent with a previous study, where a bow-tie structure was reported to have its stronger response in the near infrared instead of the visible spectrum [36, 45] . Finally, we note that, in addition to the above investigation, we have examined the effect of other material-based changes in the antennae/nanocrystal structure. For example, one important issue involves the addition of a thin layer coating of a relatively low dielectric materials such as SiO 2 on the nanodiamond crystal surface. Figures 5(a) and 5(b) shows the PL enhancement from a SVC via both spherical and nanodisk dimers. The figure thus involves a nanoantennae structures on either a 3D curvature or a flat-3D surface (2D curvature). In both cases, our calculations showed that having a thin layer SiO 2 coating outside nanodiamond crystal leads to a more than threefold improvement. This increase is due to the fact that having a thin layer of SiO 2 coating reduces the highly index-mismatched boundary at the nanodiamond surfaces thereby increasing the electromagnetic coupling with the nanodiamond crystal. Before we conclude, we briefly discuss the role of the ohmic loss. It is not readily apparent how the strength of ohmic loss varies from one shape to another or even as a function of size of the antenna for a given shape. It depends primarily on the radiation coupling to the nanoantennae structure, as well as the overlap between the antennae structure and the plasmonic mode. However, a simple case in which the trend for the ohmic loss variation becomes obvious is its dependence on separation between the two antenna elements. Figure 5(c) is an example, i.e., the spherical dimer, where we show the ohmic loss (normalized to the total input power) as a function of the SiO 2 thickness. The ohmic loss decreases as the SiO 2 thickness increases, thereby increases the separation of the antenna elements. 
IV. CONCLUSION
Our work here demonstrates that it is possible to systematically design and optimize a nanoantenna/nanodiamond structure with greatly enhanced SVC photoluminescence over that from a free standing nanodiamond object with no antennae. A summary of our theoretical investigation of two general classes (3D and flat-3D) of nanoantennae is presented in Table I . Specifically this figure presents the optimal PL enhancement from a SVC in a nanodiamond crystal for each configuration in the table. The PL enhancement of each optimized nanoantennae configuration arises from the complex interplay of plasmonic resonance and ohmic loss, whose effects are modulated by the nanoantennae geometry and the local dielectric environment. The table below illustrates, for each optimal antennae configuration, that the PL enhancement factors range from about 15 to larger than 300-fold. From a more general perspective, our results also show that the use of 3D FDTD computation of optical enhancement and metallic loss can provide accurate PL enhancement calculations for arbitrary-shaped metal nanoparticle antennae. These results enable rational design of metallic nanoparticle complexes and provide guidance in determining optimized parameters that depend directly on the materials employed for maximum PL enhancement. Such a design procedure is useful both for general understanding of emitter-metal structure interaction and experimental efforts in plasmonic nanomaterials applications.
